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Observation of a Cole—Davidson type complex conductivity in the limit
of very low carrier densities in doped silicon
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Using THz time-domain spectroscopy to measure the complex conductivity of doped silicon from
low frequencies to frequencies higher than the THz plasma frequency and the carrier damping rate,
we were able to show in the limit of extremely low carrier densities N<<10'3/cm?, that the Cole—
Davidson (C-D) type complex conductivity accurately describes the conductivity of doped silicon.
In the low N limit the C-D parameter 3 converges to 0.83 for n-type and 0.70 for p-type silicon.
In addition, we have observed a new absorption line at 1.9 THz from an unidentified defect in some
of our Czochralski, single-crystal, low-N silicon samples. © 1998 American Institute of Physics.
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Although the complex conductivity of doped semicon-
ductors has been a topic of theoretical studies for several
decades, complete experimental characterizations from low
frequencies to beyond several THz have only started to be
performed,' = due to the difficulty of reaching this frequency
region with conventional sources. The relatively new tech-
nique of Thz time-domain spectroscopy (THz-TDS) has en-
abled such experimental studies,' ™ which have begun to test
the theories of conductivity. The most accurate and recent
measurements’ showed that the complex conductivity of
doped silicon did not fit any standard theory, but was in good
agreement with an alternative approach based on a Cole—
Davidson (C-D) type distribution.* This was the first appli-
cation of a C-D type distribution to fit the complex conduc-
tivity of well-ordered crystalline semiconductors; it extended
the demonstrated high frequency limit of this type of distri-
bution by more than three orders of magnitude.

Previously the C-D distribution has been associated with
the Debye theory* of dielectric insulators. For relatively low
frequencies, the complex dielectric constants of disordered
materials such as molecular liquids,* polymers,’ and more
recently ionic glasses,5’ show better agreement with a C-D
distribution, than Debye theory. The Debye theory is closely
related to Drude theory,® the simplest theory of electrical
conduction. In the frequency domain the mathematical rep-
resentations of Debye and Drude theories are identical. The
C-D distribution corresponds to Debye theory with a frac-
tional exponent B, limited to values between 0 and I, and
reduces to Debye theory for 8= 1. In the most recent THz-
TDS work on silicon,” the frequency-dependent complex
conductivity of Drude theory was similarly modified to in-
clude the C-D fractional exponent 3, and thereby, achieved
an exceptional fit to the measurements. It was observed that
B approached unity (Drude theory) as the number density N
of carriers was increased for both n- and p-type silicon.
However, the measurements could not establish whether 8
approached limiting values as N was decreased. These limits
are important to understand the nature of conductivity and to
test whether fractal conductivity can occur in crystalline ma-
terial. The C-D distribution can arise from conduction on
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materials with fractal geometries or fractal time processes
where a temporal cutoff is included which limits the fractal
conduction to well defined time scales. For example,
Niklasson”® has stated that a C-D type distribution can be
obtained from a fractal conduction process with a cutoff and
relating this to percolation theory would predict 8=10.72.

Here we report THz-TDS measurements which show
that in the limit of low carrier densities the complex conduc-
tivity continues to be in excellent agreement with the C-D
type distribution and the C-D parameter 8 converges to 0.83
for n-type and to 0.70 for p-type silicon. The range of the
measurements extended from 0.08 to 3.5 THz and included
the plasma frequency and the carrier damping rate. The cus-
tom fabricated samples are the highest resistivity, lowest car-
rier density, samples of silicon ever completely character-
ized. Their measurement called for a different experimental
procedure and set a new standard of sensitivity for THz-
TDS. The high sensitivity has enabled us to observe a new
absorption line at 1.9 THz from an unidentified defect in
some of our Czochralski (Cz), single-crystal, low-N silicon
samples.

The THz-TDS measurements were performed by opto-
electronically measuring the amplitude of freely propagating
subpsec THz electromagnetic pulses transmitted through the
silicon sample under investigation.'”>'" These transmitted
pulses were then compared to the measured THz pulses with
the sample replaced by an identical cylinder of high resistiv-
ity, greater than 5 k) cm, float zone (FZ) Si with a residual
carrier density of less than 5% 10''/cm?, less than 1/10 that
of our lowest N sample. Using this procedure the power
transfer function of the THz-TDS system was unchanged by
the addition of large samples with high dielectric constants,
and the measurements were directly compared to high-
resistivity FZ-Si. This procedure allowed the measurement
of the extremely small absorption on the high frequency
wing of the sample response. The THz system was in an
enclosure maintained at a relative humidity of less than 2%
to mitigate the effects of water vapor. Analysis of the respec-
tive complex numerical Fourier transforms determines the
frequency dependent absorption and index of refraction.'”

© 1998 American Institute of Physics



2260 Appl. Phys. Lett., Vol. 72, No. 18, 4 May 1998

The three n-type (phosphorus) cylindrical samples were:
30 Qcm (4 cm long), 50 Q cm (2 cm long), 5.1 cm diam.
Cz-Si, and 320 Q ¢m (15 cm long) 7.6 cm diam., neutron-
doped FZ-Si. The two p-type (boron) samples were:
44 Q) cm (4 cm long) and 55 2 ecm (2 cm long) 5.1 cm diam.
Cz-Si. The Cz-Si samples were obtained from Kamis Inc.;
the 320 ) cm, FZ-Si sample was from UniSil Corp.; the
high-resistivity FZ-Si reference cylinders were from UniSil
Corp. and TopSil Corp. All the Si samples and reference
cylinders had (100) orientation.

The frequency-dependent complex dielectric constant e
is equal to the square of the complex index of refraction n
=n,+ik. The imaginary index k is determined by measur-
ing the power absorption coefficient a=k4 /A, where Ag
is the free-space wavelength. The dielectric response for
doped silicon is described by the following general relation-
ship, e=€eg+io/(we,), where €g; is the dielectric constant
of intrinsic silicon, o is the complex conductivity, and € is
the free-space permittivity. The index of refraction n,
=3.417 and power absorption coefficient @<<0.05cm !
have been measured'® for undoped, high-resistivity FZ-Si
over the frequency range considered here. For the C-D dis-
tribution the conductivity is given by3

o= e()wlz,T/(l—in)B, (1)

where the plasma frequency w, is given by
wf,:N e*l(egm™): m*=0.26m, for the effective electron
mass and m™* = 0.37m, for the effective hole mass; m is the
free-electron mass. For Drude theory S=1. The dc conduc-
tivity is given by o4 =euN, with the mobility
u=e/(I'm*). The carrier damping rate is I'=1/7, where 7
is the carrier collision time.

Our measured power absorption coefficient and index of
refraction for the 320 2 cm n-type sample are shown in
Fig. 1(a). Even though the absorption and the changes in the
index are extremely low, the data have an excellent signal-
to-noise ratio due to the long 15 cm sample length and due to
the use of an identical reference cylinder of high-resistivity
FZ-Si. As can be seen the agreement with the C-D distribu-
tion is excellent over the entire frequency range for both
curves. For comparison Drude theory is shown as the dashed
line. Although Drude theory fits well at frequencies up to
I'/27m=0.41 THz. at higher frequencies Drude theory falls
off much faster than the measured absorption. At the highest
frequency the measured absorption is more than twice that
predicted by Drude theory. Although the two results of
Fig. 1(a) are related by the Kramers—Kronig relationships,
they are measured independently. The ability to simulta-
neously obtain good fits with the same parameters for both
the absorption and index of refraction shows the accuracy of
THz-TDS to measure the complex transmitted spectrum.

Given these measurements of the absorption and index
of refraction. the general relationship for e determines the
real o, and the imaginary o; parts of the conductivity shown
in Fig. 1(b). The experimental results for o, are only well fit
by the C-D distribution, whose fitting line almost vanishes
into the presented data. The calculated C-D distribution also
fits well to o;, which differs significantly with that predicted
by Drude.
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FIG. 1. Measurements for 320 1 cm, n-type (phosphorus) neutron-doped
FZ-Si compared with theory.

The absorption measurements on the four Cz-Si samples
are shown in Fig. 2. The lower mobility of the p-type mate-
rial can be seen from an inspection of the curves, where the
crossovers emphasize their different widths and correspond-
ing different I, inversely proportional to the mobility. Again,
with the exception of the newly observed resonance line at
1.9 THz, we obtain good agreement with the C-D distribu-
tion (solid lines) for all the samples. In Fig. 2(b), it is seen
that the resonance feature has vanished for the n-type
sample, but is still observed for the p type. The differences
between the measured absorption and the corresponding best
fit C-D distributions for the measurements in Figs. 2(a) and
2(b) are presented in Fig. 2(c) with a 40X expanded vertical
scale. The 1.9 THz resonance and the 0.4 THz FWHM line-
width is the same for both the » and p-type samples that
show the weak absorption line. This observation and the fact
that the feature is sometimes absent for very similar samples,
leads us to the conclusion that it is a growth induced defect,
probably involving oxygen due to its high concentration in
Cz-Si."" Although the identification of this defect remains a
future challenge, THz-TDS is clearly the method of choice
for its characterization.

Figure 3 summarizes the above results together with the
associated series of measurements of Ref. 3, by presenting
the values of the mobilities, carrier densities and the C-D
parameters (3 obtained from the best fits to experiment. The
mobilities monotonically increase with decreasing carrier
density, thereby confirming that the main scattering impuri-
ties are the n- or p-type dopant. This dependence of the
mobility on carrier density is well fit by the empirical
Caughey-Thomas curve.'? It is important to note that our
results for Cz-Si, neutron-doped FZ-Si and the previous
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FIG. 2. (a). (b) Measured power absorption for the Cz-Si samples compared
with theory. (¢) Differences between the measured absorptions and C-D
theory: the highest peak is tor the 50 ) cm, p-type sample and the missing
peak is for the 30 ) em, n-type sample.

work all fit on the same curve. At the lower carrier densities
the C-D mobilities are much higher than previous
measurements.'” At carrier densities above 10'/cm’® these
differences disappear. For the n-type samples with the two
highest number densities S=1, and C-D theory has thereby
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FIG. 3. Values of the mobility and C-D parameter B vs catrier number
densities obtained from the best C-D theory fits to our measurements
(circles) and the measurements of Ref. 3 (asterisks and squares) for the
n-type (solid lines) and p-type (dashed lines) Si samples.

reduced to Drude theory. As the number density is de-
creased, [ monotonically decreases and converges to
B=0.83£0.01 in the limit of very low carrier densities. For
the p-type samples, 8 shows a more abrupt decrease as the
number density is reduced, and then converges to 8=0.70
*0.01. The estimated uncertainty of =0.01 was determined
numerically from our fitting routine. Outside of this range
the quality of the C-D fit was severely degraded. The con-
sistency of all the measurements gives confidence in the fun-
damental nature of the dependence presented in Fig. 3.
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